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Abstract 
The following condition (due to A. Rosa) is known to be necessary for a 2-regular graph G to 
have a graceful valuation: [E(G)[ = 0 or 3 (mod 4). The condition is also sufficient if G is a cycle. 
In 1984, A. Kotzig published without proof a theorem stating that this condition is sufficient 
also for 2-regular graphs with two components. The purpose of this paper is to show that this 
theorem is valid and also that Rosa's condition is not sufficient (without additional assump- 
tions) for 2-regular graphs with more than two components 
1. Preliminaries 
Only graphs without loops or multiple edges will be considered in this paper. 
A graceful valuation of a graph G with m vertices and n edges is a one-to-one 
mapping ~ of the vertex set V(G) into the set (0, 1, 2 . . . . .  n) with the following property: 
If we define, for any edge ee  E(G) with the end vertices u, v e V(G), the value ~(e) of the 
edge e by the relation ~(e) = I~(u) - ~'(v)l then ~ is a one-to one mapping of the set 
E (G) onto the set { 1, 2 . . . . .  n}. A graph is called graceful if it has a graceful valuation. 
An s-valuation of G is a graceful valuation of G which satisfies the following additional 
condition: There exists a number ?(0 ~< ? ~< IE(G)I such that, for any edge e eE(G)  
with the end vertices u, v, • V(G), it is min [~,(u), ~k(v)] ~< Y < max [~(u), ~,(v)]. The 
values of an or-valuation ~k which are < ~ will be referred to as the 'small values' and 
the remaining values of $ as the 'large values' of the given or-valuation. The concept of 
graceful valuation and of an s-valuation were introduced by Rosa [12]. In his paper, 
and in some other papers as well, the term 'fl-valuation was used for a graceful 
valuation. 
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We should also mention two transformations of ~-valuations (graceful valuations) 
which are sometimes useful. If ~b is a graceful valuation (or an or-valuation) of a graph 
G with n edges then the valuation ~ defined by ~(v) = n - ~b(v) for all v ~ V(G) is again 
a graceful valuation (or an ~-valuation) of G (sometimes called the complementary 
valuation to ~, see e.g. [14]). If~b is an ~-valuation of a graph with n edges and if we put 
~,*(v) = 7 - ~,(v) (rood n + 1) for every v e V(G) then ~* is again an ~-valuation of G; 
it is sometimes called the inverse valuation to ~ (see e.g. [14]). 
Rosa [13] proved that if G is graceful and if all vertices of G are of even degree, 
then [E (G) [ -0  or 3 (mod 4). This implies that if G has an ~-valuation and 
if all vertices of G are of even degrees, the [E(G)[ - 0 (mod 4) (and G is bipartite). In 
[13] it is also shown that these conditions are both necessary and sufficient if G is 
a cycle. 
A snake is a tree with exactly two vertices of degree 1. In [14], it was proved that 
every snake has an ~t-valuation; further results about ~-valuations of snakes can be 
found e.g. in [3, 5, 14]. A snake with n edges will be denoted by P,. 
In [5], the present authors introduced the concept of an ~k-Valuation of Pn. If k, n are 
integers, 0 ~< k < n, and the end vertices (i.e., the two vertices of degree 1) of P, are w, z, 
then an ~-valuation ~, of P. will be called an ~k-Valuation of P. if min [~b (w), ~,(z)] = k. 
In [3, Theorems 1and 2] the first author proved the following statements which will 
be repeated here together with some older results obtained in [5]. The end vertices of 
the snakes under consideration will be denoted w, z. 
Lemma 1. Let k be a nonnegative integer, and let n be an odd integer, n = 2m + 1 
2k + 1. Then P, has an ~k-Valuation ~k that satisfies the condition [~(z) - ~k(w)[ = m + 1. 
Lemma 2. Let k be a nonnegative integer and let n be an even integer, n = 2m >I 4k + 2. 
Then P. has an ~k-Valuation #/k that satisfies the condition d/(w) + ~(z) = m. 
One of the earlier esults of Abrham and Kotzig should be mentioned here: If G is 
a 2-regular graphs on n vertices and n edges which has a graceful valuation ~ then 
there exists exactly one number x(0 < x < n) such that ~(v) # x for all v e V(G); this 
number x is referred to as the missing value of the graceful valuation ~. 
The missing value x has the following properties. 
1. If n = 4k and if ~ is an ~t-valuation of G then either x = k or x = 3k (see [10]). 
2. Ifn = 4k then k ~< x ~< 3k. Moreover, ¢ is an ~-valuation of G if and only if either 
x = k or x = 3k (see [4]). 
3. I fn=4k-1  thenk~<x~3k- l ( see[14] ) .  
2. The main theorem 
In [11], Kotzig presented without proof a theorem stating that Rosa's necessary 
conditions for the existence of a graceful valuation of a graph G containing only 
J. Abrham, A. Kot-ig / Discrete Mathematics 150 (1996) 3-15 5 
vertices of even degree are also sufficient for 2-regular graphs with exactly two 
components. Unfortunately, the proof in the general case was never published; the 
statement was proved only for the special case when the two components are 
isomorphic (see [10]). The purpose of this paper is to fill in the gap created by the 
missing proof. We will first present he main theroem (Theorem 1) of this paper, and 
then prove it in five propositions covering special cases requiring different construc- 
tions of the graceful valuation (or a-valuation) of the graph under consideration. The 
symbol Cp will denote a cycle on p vertices. 
Theorem 1. Let p, q be positive integers, p >~ 3, q >~ 3. Then the graph Cpw Cq has 
a graceful valuation if and only ifp + q = 0 or 3 (mod 4). Cpu Cq has an a-valuation !J
and only if both p, q are even and p + q - 0 (mod 4). 
The necessity of the condition in Theorem 1 has been known for many years; we will 
prove that the condition is sufficient. The proof will be organized as follows: We will 
formulate five propositions, covering different special cases of Theorem 1, and prove 
each of them seperately. 
Proposition 1. Let k,m be positive integers. Then the graph C4. k k.)C4m has an 
a-valuation. 
Proof. For k = m, this proposition was proved by Kotzig in [10]; we can and will 
therefore assume without any loss of generality that k < m. For the construction of an 
a-valuation of C4k ~ C4m we will have to distinguish two cases according to whether 
m>2kork+ l~<m~<2k. 
Case l: Let m > 2k; then m = 2k + r where r >/1. Our graph has 12k + 4r vertices, 
and the missing value will be 3k + r. The vertices of C4k will be successively abeled as 
follows: 2k+r ,  10k+3r ,  2k+r+ 1, 10k+3r -  1 ..... 3k+r -  1, 9k+3r+ 1, 
3k+r+ 1, 9k+3r ,  3k+r+2,  9k+3r -  1 ...... 4k+r ,  8k+3r+ 1. The resulting 
values of the edges of C4k are then 8k + 2r, 8k + 2r - 1, 8k + 2r - 2, ..., 6k + 2r + 2, 
6k + 2r, 6k + 2r -  1 ..... 4k + 2r + 1, 6k + 2r + 1 (the last and the first vertex are 
neighbors). The cycle C8k+4 r will be labeled in three stages: (1) Join the vertices 
labeled 8k + 3r and r - 1 (this generates the edge labeled 8k + 2r + 1); join the 
vertices labeled 6k + 2r and 10k + 4r (this generates the edge labeled 4k + 2r). (2) Let 
us consider the labels larger than the largest label in Cgk: 10k + 3r+ l, 
10k + 3r + 2 ..... 12k + 4r, and let us decrease ach of them by 8k + 2r + 1 - -  they 
will become 2k + r, 2k + r + 1 ..... 4k + 2r + 1. According to Lemma 1, the snake 
P4k + 2r- 1 has an ~,_ 1 valuation; the end vertices of this snake have the labels r - 1, 
2k + 2r - 1. We will keep the small values of this snake (0, 1 ..... 2k + r - 1) un- 
changed, and increase the large values back by 8k + 2r + 1. (3) We consider the 
remaining vertices of Cak+4.r" ~ their large labels should be 6k + 2r + 1 ... . .  8k + 3r, 
small labels should be 4k + r + 1 ..... 6k + 2r. If we decrease all of them by 
4k + r + l, we obtain the vertices of P4k+2r-I for which we then construct an 
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~2k +r- a-valuation (obtainable asily from an ~o-valuation). Then we increase back all 
labels in this labeling by 4k + r + 1 and an ~-valuation of C4k u C8k+4 r ~- fag k.) C4m 
will be completed. 
Case 2: We will now consider the graph C4k • C4m for k < m ~< 2k. We can write 
m = k + s, 1 ~< s ~< k; our graph will then have 8k + 4s vertices, with the missing value 
2k + s. The vertices of C4k will be labeled consecutively by the numbers 2k + 2s, 
6k+2s ,  2k+2s+l ,6k+2s-1  .. . . .  3k+2s- l ,5k+2s+l ,3k+2s+ 1 ,5k+2s ,  
3k + 2s + 2, 5k + 2s - l . . . . .  4k + 2s, 4k + 2s + 1. The corresponding values of the 
edges are then 4k, 4k - 1 . . . . .  2k + 2, 2k, 2k - 1 . . . . .  2, 1, 2k + I. For the labeling of 
C4k+4~, we will have to distinguish two cases again, according to whether s = 1 or 
2<~s<~k. 
(a) Let 2 ~< s ~< k. We join the vertices labeled 3k + 2s and 7k + 2k + 1 to obtain 
the edge labeled 4k + 1, and join again the vertex labeled 3k + 2s with the vertex 
labeled 7k + 4s to obtain the edge labeled 4k + 2s. Next. we form two snakes: Snake 
# 1 will have its vertices labeled consecutively as follows: 6k + 2s + 1, 2k + 2s - 1, 
6k+2s+2,  2k+2s-2  .. . . .  6k+3s- l ,  2k+s+ 1, 6k+3s ,  2k+s- l ,  
6k+3s+ 1, 2k+s-2  .. . . .  7k+2s ,  k+2s-  1, 7k+2s+ i. The values of the 
edges are 4k+2,  4k+3 .. . . .  4k+2s-  1, 4k+2s+l  . . . . .  6k+2.  The reader 
will note that no vertex is labeled 2k + s (which is the missing value) and no 
edge is labeled 4k + 2s (this value has already been obtained). Snake #2 will 
have its vertices labeled by 0, 1,2 . . . . .  k + 2s -  2,, 7k + 2s + 2 . . . . .  8k + 4s. If we 
decrease the large values (>~7k+2s+ 2) by 6k+3 we get the values 
0, 1 . . . . .  k + 2s - 2, k + 2s - 1 . . . . .  2k + 4s - 3. According to Lemma 1, this snake 
has an :t2s-2-valuation with the end vertices labeled 2s - 2, k + 4s - 3. If we now 
increase back the large values of the vertices of snake # 2 by 6k + 3 and then joint the 
vertices 2s -2  and 6k + 2s + 1 we obtain the required valuation of C4k÷4~ 
(2 -<.< s ~< k). 
(b) s = 1. In this case, we have the graph C4k U C4k+4. The description of the 
labeling of C4k is the same as in case (a) (with s = 1). The values of the successive 
vertices of C4k + 4 are, e.g., 0, 8k + 4, 1, 8k + 3, 2, 8k + 2 . . . . .  k, 7k + 4, 3k + 2, 7k + 3, 
k + l, 7k + 2, k + 2, 7k + l ..... 2k, 6k, 6k + 3. [] 
Remark. As mentioned above, an a-valuation for the graphs 2C4k, k >1 1, was con- 
structed by Kotzig in [10]. We will now present a different construction of an 
:t-valuation of 2C4k; its advantage is that it makes it possible to formulate certain 
results in Section 3 (where we present and summarize some results for graceful 
valuations of 2-regular graphs with more than two components) in a slightly more 
general way. An :t-valuation for the two components of the graph 2C4k, k >~ 4, can be 
presented as follows: 
Cyclel :  (0 ,8k -  1 ,1 ,8k -2 ,2 ,8k -3  .. . . .  k -2 ,7k+ 1, k -  1 ,5k+ 1, k, 7k, k+ I, 
7k - l , k+2,7k -2  .. . . .  2k -2 ,6k+2,2k - l ,  8k). 
Cycle 2: (2k + 1, 6k, 2k + 2, 6k - 1, 2k + 3, 6k -  2 . . . . .  3k -  1, 5k + 2, 3k, 5k, 
3k+l ,  5k -  1 ,3k+2,5k -2  . . . . .  4k -2 ,4k+2,4k - l ,  4k+ 1,4k, 6k+ 1). 
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For 1 ~< k ~< 3, we will present he corresponding a-valuations of the graphs 2C4k 
separately: 
2C~2: Cycle 1: (0, 23, 1, 22, 2, 16, 3, 21, 4, 20, 5, 24) 
Cycle 2: (7, 18, 8, 17,9, 15, 10, 14, 11, 13, 12, 19) 
2C8 : Cyclel :  (0,15,1,11,2,14,3,16) 
Cycle 2: (5, 12, 6, 10, 7, 9, 8, 13) 
2C4: Cycle 1: (0, 8, 1, 6) 
Cycle 2: (3, 5, 4, 7) 
If we consider a well-known a-valuation of C4k given by the sequence of values of 
the consecutive vertices (0 ,4k - l ,  1, 4k -2 ,  2, 4k -3  ..... k -2 ,  3k+l ,  k - l ,  
3k -  1, k, 3k - 2, k + 1, 3k -  3 .... ,2k - 2, 2k, 2k -  1, 4k) and compare it with the 
values of the vertices of Cycle 2 in the above a-valuation of 2C4k, we will notice that 
the corresponding terms in the two valuations of C4k differ by a constant factor 
2k + 1; this means that the values of the vertices of Cycle 2 in 2C4k can be generated 
from any a-valuation of C4k 
If we look carefully at the constructions of a-valuations of C4k ~ C4,, with k < n we 
will notice that, in each case, the valuation of C4k is generated by an a-valuation of 
C4k; in this case, the small values of the a-valuation are, in most cases, increased by 
a different factor than the large values. 
Proposition 2. Let k, m be positive integers. Then the graph C4k+ 2 ~ C4,,+ 2 has an 
a-valuation. 
Proof. For k = m, the proposition was again proved by Kotzig in [10]. Without any 
loss of generality we can and will therefore assume that k < m. As in the proof of 
Proposition 1, we will again distinguish two case according to whether k < m ~< 2k or 
m>~2k+ 1. 
Case 1: Let m >i 2k + 1. The values of the successive vertices of C4k+2 are given 
in the following sequence: 3m+4k+4,  m,3m+4k+3,  m+ 1 ,3m+4k+2,  
m+2 .... .  3m+3k+4,  m+k,  3m+3k+2,  m+k+2,3m+3k+ 1, m+k+3 ..... 
3m + 2k + 4, m + 2k, 3m + 2k + 3, m + 2k + 1. The resulting values of the edges are 
2m+4k+4,  2m+4k+3,  2m+4k+2 ..... 2m+2k+4,  2m+2k+2,  2m+2k,  
2m+2k-  1 ..... 2m+4,2m+3,2m+2,2m+2k+3.  
To construct the valuation of the vertices of C4m + 2 we will use two auxiliary snakes 
and their a-valuations: an am-~- 2-valuation of P2m- 1 and an ak-Valuation of P2m. The 
end vertices of P2m- 1 have the values m - k - 2, 2m - k - 2 (the first value is small, 
the second one is large). The end vertices of P2m have the values k and m - k (both 
small). We will now modify the valuations of these two snakes as follows: In the 
valuation of P2,,- ~ we will leave the small values unchanged, and increase ach large 
value by 4k + 2m + 5. In the valuation of P2m, we will increase the value of each vertex 
by 2k + m + 2. Now, the end vertices of P2,n-1 have the values m-  k -  2, 
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4m + 3k + 3, and the end vertices of P2m will have the values m + 3k + 2 and 
2m + k + 2. The reader will observe that the value 3k + 3m + 3 has not been assigned 
to any vertex so far - -  so we assign it to a vertex (isolated at this moment) and join this 
vertex with one end vertex of each of the two snakes under consideration - - i.e., to the 
vertices labeled m - k - 2 and m + 3k + 2. This combines P2,,-~ and P2m into one 
snake with the end vertices labeled 4m + 3k + 3 and 2m + k + 2. Now we join these 
two vertices and obtain C4,, + 2; the reader can easily verify that the values assigned to 
the vertices of C4m ÷ 2, together with those assigned to the vertices of C4k + 2, constitute 
an a-valuation of C4k + 2 k.) C4m + 2. 
Case 2: Let k < m ~< 2k. First, we will describe the construction of the valuation of 
the vertices of C4k+2. We take an arbitrary ~2k_m-valuation f the snake P4k; the 
values of its end vertices will be 2k - m, m. In this snake, we leave the small values 
(0, 1 .... ,2k) unchanged, and add 4m + 4 to each large value. Finally, we join both end 
vertices of P4k with the vertex labeled by 3m + 2k + 4. This closes C4k+2; its edges 
have the values 4m+5,  4m+6, . . . ,4m+4k+4,  4m+4,  2k+2m+4.  In the 
valuation of C4m+2, the consecutive vertices will be labeled as follows: 
2k+l ,2k+4m+4,  2k+2,  2k+4m+3 ..... k+m,  3k+3m+5,  k+m+2,  
3k+3m+4,  k+m+3,  3k+3m+3 ..... 2k+m+l ,  2k+3m+5,  2k+m+2,  
2k + 3m + 3, 2k + m + 3, 2k + 3m + 2,... ,2k + 2m + l, 2k + 2m + 4, 2k + 2m + 2, 
2k + 2m + 3. The values of the edges are then 4m + 3, 4m + 2 ..... 2k + 2m + 5, 
2k+2m+3,2k+2m+2 ..... 2m+4,2m+3,2m+ 1,2m ..... 2 ,1 ,2m+2.  [] 
Propositions 1and 2 complete the proof of the existence statements for a-valuations 
of 2-regular bipartite graphs with two components. From now on, we will consider 
two-regular graphs with two components, at least one of which has an odd number of 
vertices. 
Let us remind the reader of the following result of Kotzig [10, Theorem 21: If G is 
a 2-regular bipartite graph consisting of r isomorphic omponents and if it has an 
c~-valuation then the edges with the values 1, 2, 3 are all in one cycle and either the 
edge with the value 1 or the edge with the value 2 is adjacent o the remaining two 
edges. The proof is given in [10] and does not really use the assumption that the 
components of G are isomorphic; the statement is valid for any 2-regular bipartite 
graph which has an a-valuation. We may observe that this statement implies that the 
edges with the values 1 and 2 always have a common vertex (large or small). In 
Theorem 1 of the same paper, a similar statement is proved also for the three edges 
with the largest value. 
Proposition 3. / f  m/> 1, k ~> 1, then C4k U C,m- 1 is graceful. 
Proof. We will distinguish two cases according to whether 2k < m or 2k ~> m. 
Case I: Let m > 2k. We notice that the construction of an a-valuation of C4k W C4m 
for m > 2k presented in the proof of Proposition 1, Case 1, has the property that C4m 
always contains the edges with the values I, 2. Let us now consider an or-valuation of 
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C4k w C4,, and transform it as follows: 
(a) We reduce all large values by 1 and we also reduce the values of all edges by 1. 
This will generate a vertex adjacent o two edges with the values 0 and 1. 
(b) We delete from C*m this vertex and the two edges to which it is adjacent. This 
will leave in the graph two vertices of degree 1, with values differing by 1. 
(c) We will now joint these two vertices by an edge (these two vertices have both 
either large values or small values in the original s-valuation of C4k w C4,,). The result 
is a graceful valuation of C4k k..) C4m 1. 
Case 2: m ~< 2k. The construction in Case 2 of the proof of Proposition 1 (for 
k + 1 ~< m ~< 2k) and in the Remark following that proof (for k = m) shows that C,m 
contains in these cases the three edges with the highest labels. If we replace the 
s-valuation ~b of C4k k..) C4r a constructed in Proposition 1, Case 2, by the c~-valuation 
q/* (where ~*(v) = ~ - ~b(v) (rood 4k + 4m + 1) for all vertices v ~ V(C4k W C4,.+ 0), 
then, in the s-valuation if*, C4,, will contain the edges with the labels 1, 2, 3, with the 
edges labeled 1, 2 incident with the same vertex. If we reduce all large values in 
C4k ~ C,m by 1, and also reduce the values of all edges by 1, we can then delete the 
vertex adjacent o the edges labeled 0 and 1 and these two edges; finally, we join the 
remaining vertices of degree 1 by an edge and we get a graceful valuation of 
C4k ~ C,m- 1. 
If m ~ 4k and if the construction of an s-valuation of C,,k w C,,. was done as in 
Proposition 1, Case 2 (with the roles of k, m interchanged), C4,. will contain the three 
vertices labeled 1, 2, 3, and we can proceed as above. [] 
Proposition 4. Let k, m be positive integers. Then the graph C,k + 2 w C4,, + x is graceful. 
Proof. We will again distinguish two cases according to whether m > 2k or m ~< 2k. 
Case 1: Let m > 2k. If we construct an s-valuation ofC4k+2 W C4,,+2 asin Case 1 of 
the proof of Proposition 2, we will conclude that C,k+ 2 contains the three edges 
labeled 1, 2, 3, and the edges with the values 1, and 2 have a common vertex. 
Proceeding as in the proof of Proposition 3 we obtain a graceful valuation of 
C4k + 2 k_J C4m+ 1. 
Case 2: Let m ~< 2k. If m >~ k, we construct an s-valuation of C4k + 2 k,..) C4r  a + 2 as in 
Case 2 of Proposition 2; C4,, + 2 will contain the three edges labeled 1, 2, 3, and we can 
proceed as in the proof of Proposition 3, If m < k, we construct an s-valuation of 
C4k+ 2 W C#m+ 2 as in the proof of Proposition 3, but with the roles of k, rn inter- 
changed. The C,k + 2 will contain the three edges labeled 1, 2, 3 and we proceed as 
above. [5 
Proposition 5. Let k, m be positive integers. Then the graph 64. k + 1 k.) C4m + 1 is graceful. 
Proof. We will consider three main cases. 
Case 1: Let 4m + 1 >t 2 (4k -  1 ) -  1 (i.e., m >~ 2k-  1). 
(a) We will assume first that k/> 2. The missing value in the graceful valuation we 
are going to construct will be 3k + 2m - 1. The vertices of C,k-  1 will be labeled as 
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follows: rn+ 1, 4k+3m-2 ,  m+2,  4k+3m-3  ..... m+2k-  1, 2k+3m,  
4k+3m- l ;  this yields the edge values 4k+2m-3 ,  4k+2m-4 ,  
4k + 2m - 5 ..... 2m + 1, 2k - 1, 4k + 2m - 2. To construct an 0t-valuation of C4m+1 
we will take first an Ct2k_l-valuation of P2,,+1 and increase all its large vertex 
values by 4k + 2m- I .  The end vertices Pzm÷l now have the values 2k -1 ,  
3m + 6k - 1; the vertex labels are 0, 1, 2, ...,m, 3m + 4k + 1, ...,4m + 4k; the corres- 
ponding edge values are 4k + 4m, 4k + 4m-  1 ..... 4k + 2m. The edge labeled 
4k + 2m - 1 is obtained by join the vertices labeled 3m + 6k - 1 and m + 2k. The 
edge labeled by 2m is obtained by joining the vertices labeled 2k - 1 and 2m + 2k - 1. 
The remaining vertices of C4,,+1 will be labeled sequentially as follows (forming 
a snake with the end vertices labeled by 2m + 2k - 1, m + 2k, with no vertex labeled 
by the missing value 3k + 2m - 1 and with no edge labeled by 2k - 1): 2k + 2m - 1, 
2k+2m,  2k+2m-2 ,  2k+2m+2,  2k+2m-3, . . . ,m+2k+l ,  3m+2k-1 ,  
m+ 2k. 
An illustrative example would be a graceful valuation of C1~ u C2~; the vertex 
values of the two cycles are as follows: (6,25, 7,24,8, 23,9,22, 10, 21,26), 
(0, 31, 1, 30, 2, 29, 3, 28, 4, 27, 5, 15, 16, 14, 17, 13, 19, 12, 20, 11, 32). 
(b) Let us now consider the case k = 1, i.e., the graph C3 u C4,~+~. We will assume 
first that m >t 2. The labels of the vertices of C3 will then be m + 1, 3m + 3, 3m + 2, 
and this will yield the edge values 1, 2m + 1, 2m + 2. To label C4,, ÷ ~ we take first an 
~m- 2-valuation of P2m +, in which the vertex labels exceeding rn will be increased by 
2rn + 3: this yields for P2,, + ~ the vertex values 0, 1 ..... m, 3m + 4, 3m + 5 ... . .  4m + 4, 
and the edge values 2m + 4, 2m + 5 ..... 4m + 4. The end vertices are labeled 
m-2  and 4m+2.  The edge labeled by 2m+3 is obtained by joining the 
vertices m-  2 and 3m + 1; by joining the vertices 4m + 2 and 2m + 2 we obtain 
the edge labeled by 2m. To complete the construction we take an 0tm_~-valuation 
of P2,,-2 in which we increase the vertex labels not exceeding m-  2 by m + 2 
and the vertex labels exceeding m - 2 by m + 3; the missing value is 2m + 1. For 
m = 1, we have C3 w C5 and we can label its vertices, e.g., as follows: (1, 5, 6), 
(0,8,2,4,7). 
Case 2: Let 4k - 1 >/2(4m + 1), i.e., k ~> 2m + 1. In this case, the vertices of C4,,÷1 
will be labeled as follows: k, 3k+4m-  1, k+ 1 ,3k+4m-2  ..... k+2m-1 ,  
3k + 2m, 3k + 4m. The corresponding edge values are 2k + 4m-  1, 
2k + 4m - 2,.. . ,2k + 1, 2m, 2k + 4m. To label the vertices of C4k- ~ we will first 
consider an ~2,,-valuation of P2k- ~ in which all vertex labels exceeding k - 1 will be 
increased by 2k + 4m + 1. The vertex labels of P2k- ~ will then be 0, 1, 2 ..... k - 1, 
3k+4m+ 1, 3k+4m+2 ..... 4k+4m,  yielding the edge labels 2k+4m+2,  
2k + 4m + 3, ...,4k + 4m. To obtain the edge labeled 2k + 4m + 1, we will join the 
vertices 3k + 6m + 1 and k + 2m; to obtain the edge value 2k, we will join the vertex 
2m with the vertex 2k + 2m. To complete the construction, we will label the remaining 
vertices uccessively as follows (with the missing value 2k + m): k + 2m, 3k + 2m - 1, 
k+2m+ 1, 3k+2m-2 ,  k+2m+2,  3k+2m-3  ..... 2k+m-  1, 2k+3m,  
2k+m+ 1 ,2k+3m-  1 ... . .  2k+2m-  1 ,2k+2m+ 1 ,2k+2m.  
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Case 3: Neither m >~ 2k-  1 nor k/> 2m + 1. This implies that 2k + 1 ~< 4m + 1 ~< 
8k - 7, i.e., 2m + 3 ~< 4k - 1 ~< 8m - 1. We will distinguish two cases again, accord- 
ing to whether4k -  1 <4m+ 1 or4k-  1 >4m+ 1. 
(a) Let 4k - 1 < 4m + 1. Since 4k - 1 = 3 (rood4), 4m + 1 = 1 (mod4), this im- 
plies 4k -  1 <4m-  1, i.e., k~<m. 4k -  1 <4m-  1 implies 4k -  1 ~<8k-9 ,  i.e., 
k >/2. We will first describe the labeling of C4k- 1. The successive vertices will be 
labeled as follows: m, 4k + 3m - 1, m + 1, 4k + 3m - 2, m + 2, 4k + 3m-  3 .. . . .  
re+k- l ,  3k+3m,  m+k+l ,  3k+3m-1 ,  m+k+2,  3k+3m-2  ... . .  
m + 2k - 1, 3m + 2k + 1, 3m + 2k. The corresponding edge values are 4k + 2m - 1, 
4k+2m-2  ... . .  2k+2m+l ,  2k+2m-  1 ,2k+2m-2  ... . .  2m+2,1 ,2k+2m.  To 
label C4,,+ 1 we proceed as follows: we construct any am_k-Valuation of P2,, (with the 
end points labeled k; m - k, the small values 0, 1 .. . . .  m, the large values m + 1, 
m + 2 .. . . .  2m), and transform it as follows: from 4m + 4k we subtract each small 
value (this gives new large values 4m + 4k, 4m + 4k - 1 .. . . .  3m + 4k, and the new 
labels 3m + 5k, 4m + 3k for the end vertices), and from 2m we subtract each large 
value (this gives the new small values m - 1, m - 2 .. . . .  1, 0). The edge values in this 
new valuation of P2,. will be 4m + 4k, 4m + 4k - 1 .. . . .  2m + 4k + 1. Joining the end 
vertex 3m + 5k of P2,, with the vertex m + k gives the edge value 2m + 4k: To obtain 
the edge labeled 2m + 1 we join the vertices 4m + 3k (the second end vertex of P2,,) 
and 2m + 3k - 1; to obtain the edge labeled 2m we join the vertices 3m + k. Finally, 
we take any ~,._k-Valuation of P2.,-2; the end vertices will have the values m - k, 
k -  1. We transform again this ~t-valuation, this time in the following way: From 
3m + 2k - 1 we subtract each small value of our ~m_k-Valuation; the new large values 
generated will be 3m + 2k - 1, 3m + 2k - 2 .. . . .  2m + 2k. From 3m + 2k-  2 we 
subtract each large value of this ~,,_ k-Valuation; the new small values obtained will be 
2m + 2k - 2, 2m + 2k - 3 .... .  m + 2k (the value 2m + 2k -  1 will be the missing 
value in the graceful valuation obtained for C4k-~ W C4,,+0. This completes the 
construction for Case 3a. 
(b) Let 4m + 1 < 4k - 1 (i.e., k >/m + 1). Again, we will present first the successive 
vertex labels for the smaller cycle, in this case for C4,,+ 1; they are k - 1, 3k + 4m, 
k, 3k+4m-1 ..... k+m-2,  3k+3m+ 1, k+m,  3k + 3m, k+m+l ,  
3k+3m-  1 .. . . .  2m+k-2 ,  2m+ 3k+2,  2 re+k-  1, 2re+k, 2m+3k+ 1. The 
edge labels of C4,.+1 will be 2k + 4m + 1, 2k + 4m, 2k + 4m-  1 .... .  2k + 2m + 3, 
2k+2m+ 1 ,2k+2m,  2k+2m-  1 .. . . .  2k+4,2k+3,  1 ,2k+ 1 ,2k+2m+2.  
To label the vertices of C4k-~ we will proceed as follows. We will take any 
0tk-,,-1-valuation of P2k-2 (with the end vertices k - m - 1, m) and transform it 
similarly as in the preceding case: From 4k + 4m we subtract each of the small values 
of this a-valuation; this yield new large values 4k + 4m, 4k + 4m - 1 .. . . .  3k + 4m + 1, 
with the end vertices 3k + 5m + 1, 4k + 3m. Then we subtract he large values from 
2k - 2; the new small values will be 0, 1 .. . . .  k - 2. The corresponding edge values will 
be 4k + 4m .. . . .  2k + 4m + 3. The edge labeled 2k + 4m + 2 is then obtained by 
joining the vertices 3k + 5m + 1 and k + m-  1. The edge 2k + 2 is obtained by 
joining the vertices k + m - 1 and 3k + m + 1. The edge 2k is obtained by joining the 
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vertices 2k + 3m and 4k + 3m. Let us remark here that the vertices 2k + 3m and 
3k + m + 1 will be used below as the end vertices in a labeling of a snake; of course, 
this is possible only if 2k + 3m # 3k + m + 1, i.e., if k # 2m - 1. The construction 
presented below is therefore valid only for k ~ 2m - 1 and the case k = 2rn - 1 has to 
be studied separately. 
If k # 2m - I, we will consider an ~s-valuation of P2k-2 (where s = min(k - m, 
m - 1)), with the end vertices labeled k - m, m - 1. Similarity as in the preceding 
cases, we subtract he small values of this ~rvaluation from 2m + 3k and obtain the 
new large values 2m + 3k .. . . .  2m + 2k + I, with the end vertices of P2k- 2 labeled by 
3m + 2k, m + 3k + 1. Then we subtract from 2m + 3k - 1 the large values of our 
~rvaluation; the new small values will be 2m + 2k - 1, 2m + 2k - 2 .... .  2m + k + 1. 
This completes the construction of a graceful valuation of C4k-1 ~ C4,,+1 for 
k 4: 2m - 1; the missing value is 2k + 2m. 
To complete the proof of Proposit ion 5 (and Theorem 1) we have to consider the 
graph C4k- 1 U C4,, + 1 if k = 2m - 1, m ~> 2, i.e., the graph Ca,.- s u C4,. + 1, m ~> 2. The 
general construction of graceful valuations for these graphs does not work for m = 2 
and m = 3; an example of a graceful valuation for each of these to cases will be given 
separately. 
For m = 2 we have the graph C9 w Cll;  an example of a graceful valuation of this 
graph is (0, 19, 1, 18, 13, 5, 14, 4, 20), (2, 16, 3, 15, 8, 10, 7, l l ,  12, 6, 17), the missing 
value is 9. From m = 3, we have the graph C13 u C19; an example of a graceful 
valuation of this graph is (0, 31, 1, 30, 2, 29, 3, 28, 4, 27, 20, 10, 32), (5, 25, 6, 24, 7, 23, 8, 
22,9,21, 12, l l ,  19, 13, 18, 14, 17, 15,26); the missing value is 16. 
In the general case of the graph C4,. + ~ u C8,,- 5 (m >~ 4) we will first enumerate the 
successive vertex values of C4,.+1. They are 0 ,12m-5 ,  1, 12m-6 ,  2, 
12m-  7 .. . . .  2m-  3, 10m-  2 ,2m-  2, 10m-  3 ,8m-  4 ,4m-  2, 12m-  4. Thecorres- 
ponding edge values are 12m - 5, 12m - 6, 12m - 7 .. . . .  8m + 1, 8m, 8m - 1, 4m - 2, 
8m - 2, 12m - 4. In the construction of the labels of the vertices of C8,,- 5 we will start 
with a snake P4,.-2 with the following successive vertex labels: 2m - 1, 10m - 5, 2m, 
10m - 6, 2m + 1, 10m - 7 .... .  4m - 4, 8m - 2, 4m - 3, 8m - 3, 4m; the corresponding 
edge labels will then be 8m - 4, 8m - 5, 8m - 6 .. . . .  4m + 2, 4m + l, 4m, 4m - 3. Next, 
we will take an arbitrary ~a-valuation of P2m- 5, increase the small values by 4m - 1 
and increase the large values by 6m; the resulting edge labels will then be 2m + 2, 
2m + 3,. . . ,4m + 4. We join the two snakes P4,.-2, P2,n-5 at the common end 
vertex labeled 4m. The second end vertex of P2,. -2,  labeled 7m - 1, will then be joined 
with the vertex labeled 5m - 1; this generates an edge labeled 2m. In the next step, we 
take an arbitrary ~-valuat ion of P2"-3,  increase the small values by 5m - 2 and the 
large values by 5m; the new vertex labels of P2m-3 will then be 5m-  2, 
5m-  1 , . . . ,6m-  4, 6m-  l, 6m ... . .  7m-  3, the end vertices will have the labels 
5m - l, 6m, and the corresponding edge labels will be 3, 4, 5 .. . . .  2m - 1. Finally, we 
join the following pairs of vertices to complete the construction: 6m and 6m - 2, 
6m - 2 and 6m - 3, 6m - 3 and 10m - 4, 10m - 4 and 2m - 1. The missing value is 
5m -- 3. [] 
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3. Some remarks on graceful valuations of 2-regular graphs with more than two 
components 
If we look at the remarks between the end of the proof of Proposition 1 and the 
formulation of Proposition 2 we conclude that the statement of Proposition 1 about 
the existence of an s-valuation of C4k ~ C4m (k <~ m) will remain valid if C4k is replaced 
by the graph C4pw C4q with p + q = k, p >~ 1, q >~ 1. Taking the statement of 
Proposition 2 into consideration we can make a similar conclusion about the graph 
Cap + 2 k..) C4q_ 2 t.) C4m. We obtain. 
Theorem 2. (a) 
s-valuation. 
(b) I f  p >~ 1, 
~-valuation, 
If  p >~ l, q >~ 1, p + q <~ m then the graph C4pu C4qu C4,, has an 
q>~2, p + q <<. m then the graph C4p+ 2 ~ C4q- E W C4m has an 
Obviously, this theorem could be (under suitable assumptions) extend to the case of 
our, five .... components. It is also likely that Theorem 2 would remain valid even 
without the condition p + q ~< m, but, at this moment, this is merely a conjecture, 
supported perhaps by the following facts: 
1. All 2-regular graphs of the form kC4, k ~ 3, have or-valuations; 3C4 is graceful 
but has no a-valuation (see [9]). 
2. All 2-regular graphs of the form 3C4k, k ~> 2, have s-valuations ( ee [10]). 
3. All 2-regular graphs of the form 4C4k (k >~ 1) have s-valuations ( ee [12]). 
4. All 2-regular bipartite graphs, different form 3C4, which have at most 24 vertices 
and which satisfy Rosa's condition, have s-valuations ( ee [2]). 
From the theorems proved in [2], we can also obtain the following statement: if G is 
any 2-regular bipartite graph which has an or-valuation then kG also has an :~- 
valuation for infinitely many values of k. 
The situation becomes much more complicated when a 2-regular graph has compo- 
nents of odd length. Kotzig proved in [11] that a graceful 2-regular graph cannot have 
too many components of odd length; more exactly he proved the following theorem: 
Let co be the number of components of odd length in a 2-regular graph G. If G is 
graceful then IV(G)[ >/09(09 + 2). In the same paper, he also proved that 2C3 L) C5 is 
the non graceful 2-regular graph with the smallest number of vertices which satisifies 
Rosa's condition. 
Using Kotzig's results we can prove the following two statements: 
Theorem 3. For every p >/ 11, p - 0 or 3 (mod 4) there exists a 2-regular graph Gp 
which has p vertices, satisfies Rosa's condition and in not graceful. 
Proof. We have to distinguish four cases. 
(a) Let p = 4k, k even (i.e., p = 8r, r/> 2), and let us put Gg = rC3 L)rCs. Then 
co = 2r; if p >~ 2r (2r + 2) then 8r >/4r 2 + 4r which is impossible. 
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(b) Let p = 4k, k odd (i.e., p = 8r, r >~ 1), and let us put Gp = (r + 3)C3 u (r - 1)C5. 
Then to = 2r + 2; if p >/to(to + 2) then 8r + 4 ~> (2r + 2)(2r + 4) which is impossible. 
(c) Let p=4k+3,  k even (i.e., p=8r+3,  r />l ) ,  and let us put 
Gp -- (r + 1)C 3 + rC  5. Then to = 2r + 1; and if p/> to(to + 2) then 8r + 3 >/ 
(2r + 1)(2r + 3) which is impossible. 
(d) Let p=4k+3,  k odd (i.e., p=8r+7,  r>l l ) ,  and let us put 
Gp=(r+4)C3+(r - l )Cs .  Then to=2r+3;  and if p />to(to+2)  then 
8r + 7 I> (2r + 3)(2r + 5) which is impossible. The contradiction obtained in each 
case shows that the graph Gp constructed in each of these cases is not graceful. [] 
Theorem 4. For every to >~ 3 there exists a 2-regular 9raph with to components (of odd 
lenoth) which satisfies Rosa's necessary condition and is not 9raceful. 
Proof. In Theorem 3, we have seen that to can have the following values: 
Case (a): to = 2r, r/> 2, 
Case (b): to = 2r + e, r/> 1, 
This implies that to can be any even number /> 4. 
Case (c): to = 2r + 1, r/> 1, 
Case (d): to = 2r + 3, r/> 1, 
This implies that to can be any odd number >t 3. [] 
To show how widely open is the problem of existence of graceful valuations for 
2-regular graphs with odd components, let us quote another esults of Kotzig [11, 
Theorem 10]. For every positive integer to there exists a 2-regular graceful graph with 
exactly to components ofodd length which has exactly to(to + 2) vertices. We may add 
that it is, e.g., the graph C3 u C~ u C7 u ... u C2o,÷ 1. 
4. Concluding remarks 
The two authors published a number of joint papers but have never worked 
together on the problems of the present paper. After the unexpected eath of A. 
Kotzig in April 1991, J. Abrham found in his papers some notes (mostly in pictorial 
form) related to certain cases of the present study and decided to try and finish the 
proof of the main theorem; he is solely responsible for any mistakes or omissions. 
Both authors have known the respected Paul Erd6s for a number of years; in 
particular, A. Kotzig and Paul Erd6s had friendly relations lasting for decades. It is 
therefore fitting to dedicate this paper to Paul Erd6s on the occasion of his 80th 
birthday. 
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